The Rashba superconductor, in which spin-splitting bands become superconducting, is fascinating as a novel superconducting system in low dimensional systems. Here, we present the results of in-situ transport measurements on a Rashba-type surface state of the striped incommensurate (SIC) phase of a Pb atomic layer on Ge(111) surface with additional Pb islands/clusters on it. We found that two-step superconducting transitions at around 7 K and 3 K occurred. The latter superconducting transition is suggested to be induced at the non-superconducting Rashba SIC area because of the lateral proximity effect caused by the superconducting Pb clusters. Our results propose a new type of Rashba superconductor, which is a new platform to understand the Rashba superconducting systems.
Introduction
Researches on two-dimensional (2D) superconductors have greatly progressed in recent years thanks to various kinds of highly crystalline atomic-layer materials found [1] [2] and in situ transport measurement techniques in ultrahigh vacuum (UHV) at low temperature [3] . There are many intriguing phenomena already found in the 2D superconducting systems, for example, the superconductor-insulator transition (SIT) in Bi thin films and others [4] , the SIT mediated by a quantum metal phase [5] [6] , and higher critical temperatures (Tc) than those of bulk materials [7] [8] [9] . Particularly, the Rashba superconductor where spin-split bands due to the Rashba effect become superconducting, has attracted much attention as a possible unconventional 2D superconductor because the spin-triplet pairing and the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state are theoretically predicted [10] [11] . Some Rashba superconductors have been reported so far and are roughly classified into two types: one is the intrinsic superconductor in Rashba-type bands, such as (Tl, Pb) and (Au, Tl) alloy atomic layers on Si(111) [12] [13] , and the other is a heterojunction-type Rashba superconductor like the LaAlO3/SrTiO3 quantum well [14] . Both are induced at surfaces or interfaces of crystals where spaceinversion symmetry is broken down. The Ge(111) surface covered with 4/3 monolayer (ML) of Pb, which is called β-√3×√3 structure or the striped incommensurate (SIC) phase, has a metallic band with giant-Rashba-type spin splitting [15] . The SIC phase shows no sign of superconductivity down to 0.5 K [16] [17] . On the other hand, the bulk Pb is a typical superconducting material with Tc = 7.2 K. By depositing the Pb nano-structures on Ge(111) , we propose here the third type of Rashba superconductors, i.e., a homojunction system with lateral superconducting proximity effect. The homojunction is made of the different phases of Pb; one is the non-superconducting SIC surface phase having the Rashba-type band, and the other is the bulk-like Pb islands and clusters providing Cooper pairs spilling over the SIC phase.
In this paper, we report the superconducting properties of Pb-covered Ge(111) surface, investigated by in-situ four-point-probe (4PP) conductivity measurements in UHV. In order to discuss the transport properties combined with the surface structure and electronic states, we also performed the scanning tunneling microscopy (STM) and the angle-resolved photoelectron spectroscopy (ARPES) in separate UHV systems. As the results of the Pb-coverage dependence of the sheet resistivity, two-step superconducting transitions were observed, where both large islands (a few hundred nm or larger in size) and small clusters (10 nm or smaller in size) existed on the SIC surface. While one of the transitions around 7 K comes from the large Pb islands, we conclude that the observed resistance drop below 3 K is induced by the superconducting current flowing through the non-superconducting Rashba-type SIC phase, which is due to the proximity effect from the superconducting Pb islands/clusters on the SIC phase.
Method
We first prepared a clean surface of Ge(111) crystal wafer of n-type, the resistivity of which was 40-65 Ω⋅cm at room temperature (RT), by several cycles of 1.0 keV Ar+ sputtering for 20 minutes and annealing at 870 K for 20 minutes in UHV, resulting in the well-known Ge(111)-c(2×8) reconstruction. Then the Pb was deposited on the Ge(111) at RT. The deposition amount was determined by the deposition duration time at a constant evaporation rate, which had been calibrated by the formation of the Si(111)-SIC-Pb phase at 4/3 ML coverage [18] [19] . Figures 1(a)-(c) show the reflection high-energy electron diffraction (RHEED) patterns of Pb on Ge(111) obtained at RT for 0, 1.33 and 3.33 ML coverages of Pb, respectively. We clearly see spots from the Ge(111)-c(2×8) reconstruction in Fig. 1 (a) where (01) and (01 ̅ ) streaks from Ge(111) are pointed by blue arrows. In the case of 1.33 ML coverage, as shown in Fig.1(b) , streaks of the √3×√3 periodicity appear. Unlike the spot-like patterns of the Ge(111)-β√3×√3-Pb with post annealing, this streak structure is very similar to the RHEED pattern of the Si(111)-SIC-Pb phase [20] , where the (2/3 2/3) streaks (green arrows) are brighter than (1/3 1/3) streaks (light green arrows). This was an evidence that we acquired the Ge(111)-SIC-Pb surface structure. With additional Pb deposition up to 3.33 ML coverage, new streaks appeared outside the (01) and (01 ̅ ) streaks [red arrows in Fig.  1 (c)] while the SIC streaks still remained. We estimated the lattice constant for the new streaks as 4.92 Å by comparing with the lattice constant of Ge(111) (5.65 Å). This value is consistent with the lattice constant of the Pb(111) plane (4.92 Å), meaning that the excess Pb atoms form three-dimensional islands on the Ge(111)-SIC-Pb phase with (111) face on top. The samples were prepared in the same way with the help of these RHEED patterns in the 4PP, STM, and ARPES chambers.
The STM measurements were performed at RT by the constant-current mode (Omicron MULTIPROBE system) with a homemade PtIr tip. The STM images were processed by the free software WSxM 4.0 Beta 9.1 [21] .
The ARPES measurements were carried out by a hemispherical electron energy analyzer (MBS-A1) using a photon energy hν = 73 eV at the beamline BL13 at Saga Light Source [22] . We set the energy and momentum resolution at 20 meV and 0.015 Å -1 , respectively.
The transport measurements were performed in situ in UHV by the micro-4PP measurement system (UNISOKU USM-1300S) [23] , in which the sample was cooled down to 0.85 K under the magnetic field up to 7 T applied perpendicularly to the sample surface. We used a homemade 4PP which consisted of four copper wires of 100 μm in diameter, aligning on a line with the probe spacing of ~200 μm.
All measurements of STM, ARPES, and 4PP were done in situ for samples prepared in the UHV chambers without exposing them to air.
Results and discussion
First, we confirmed the c(2×8) reconstruction of the clean surface of Ge(111) in a large area by STM, and then Pb was deposited on it. As shown in Fig. 2 (a) (upper), we see clearly the √3×√3 structure on the terrace for 1.33 ML-Pb coverage as in the previous studies [24] and the RHEED pattern in Fig. 1(b) . As better illustrated with enhanced contrast in Fig. 2 (a) (lower), the stripe patterns of the SIC phase can be seen. The distance between two adjacent stripes is around 12 nm, which is quite similar to the previous report of the Ge(111)-SIC-Pb [24] . Therefore, it is confirmed that our sample is the SIC phase with 1.33 ML Pb deposition. In Fig. 2 (b), we find that with a little extra amount of Pb deposition on the Ge(111)-SIC-Pb, two kinds of small islands on the terrace are formed: one is relatively large islands (ca. 10 nm in size) with the √3×√3 periodicity on it, and the other is small Pb clusters (a few nm in size) with a characteristic pattern on it. The former is Pb-covered Ge(111) islands of one-unit-layer higher due to the mismatch in the number density of Ge atoms between the c(2×8) and SIC structures, while the latter is Pb islands. The islands with the √3×√3 periodicity on it already appeared at 1.33 ML coverage, meaning that this is not due to the extra Pb atoms over 1.33 ML.
With further deposition of Pb up to 3.33 ML, as shown in Fig. 2 (c), large Pb(111) islands (a few hundred nm or more in size) having the 1×1 structure on the top appear. The height of the islands is around 6 nm, which corresponds to ~17 atomic layers of Pb. Figure 2 (d) is an enlarged view of the green square in Fig. 2 (c) . It should be noted that the √3×√3 islands and the Pb clusters still remain on the ravines between the Pb(111) islands, and the density of the small islands/clusters does not change even with further Pb deposition.
Next, we demonstrate the electronic states for the 1.3 and 3.0 ML-Pb/Ge(111) samples. Figure 3 [15] . The band dispersion along the M ̅ Γ̅ M ̅ line is displayed in Fig. 3(b) , where it is similar to the band structure of the Ge(111)-β√3×√3-Pb [15] . This is because the SIC phase has basically the β√3×√3 structure in domains [24] . The Ge band edges are marked by the white dashed line in Fig. 3 (b) and Fig. 3(d) [25] . Judging from the previous analysis [15] , it is confirmed that although the resolution of our ARPES measurement is not high enough, the hexagonal FS in Fig.  3 (a) is actually composed of two concentric hexagons with opposite spin directions. The band-splitting in the system is due to the Rashba effect, which is caused by the strong spin-orbit coupling (SOC).
In the case of 3 ML Pb coverage, we observed not only the hexagonal FS, but also a circular FS (marked by the blue dashed line) which is larger than the SBZ (marked by the white solid line) in Fig. 3(c) . This indicates a free-electron like band structure, which can also be proved by the band dispersion in Fig. 3(d) . Judging from our STM measurement, it is suggested that the free-electron like band is attributed to the electronic state from the Pb islands.
Then, we measured the temperature dependence of sheet resistance Rsheet for the Ge(111)-SIC-Pb (1.33 ML) below 6 K, as shown in Fig. 4(a) , where the conductivity of the Ge substrate can be neglected due to freeze-out of carriers there. The resistivity gradually increases with the temperature decreasing. Below around 1.5 K, the increasing rate becomes higher. There is no sign of superconductivity down to 0.85 K. Then, the magnetoresistance was measured at 1 K as a function of the applied magnetic field. Figure 4(b) shows the result by converting the resistivity Rsheet to sheet conductivity σsheet. As the magnetic field increases, σsheet decreases. This result was well fitted by the Hikami-Larkin-Nagaoka equation as below [26] :
where α, e, ħ, B and lϕ are the number of conduction channels, the elementary electric charge, the reduced Planck's constant, the perpendicular magnetic field applied, and the phase coherence length, respectively. The fitting parameters were lϕ and α. We estimated the value of the lϕ and α as 211 nm and -0.48 by fitting Eq. (1) as shown by a dotted curve in Fig. 4(b) . The value of α is very close to the theoretical value -0.5 for a single-channel weak antilocalization (WAL) [26] . The WAL behavior comes from the strong SOC of the Ge(111)-SIC-Pb, which is confirmed also by the ARPES measurements [15] . The fitting result is in good agreement with the expectation of the WAL.
We also performed the transport measurement on the sample with 3.3 ML-Pb deposition. Figure 5(a) shows the Rsheet as a function of temperature under some different magnetic fields between 0 and 1 T. From the data in the zero magnetic field, we observed that Rsheet drops steeply at two temperatures, around 7 K and below 3 K. These two drops become broader and shift to the lower temperature as the magnetic field increases. The drops at 7 K and 3 K vanish at 0.4 and 0.1 T, respectively. The results of the magnetoresistance measurements at different temperatures are summarized in Fig. 5(b) . Because the results seem consistent with a picture that the superconductivity is broken by applying magnetic field to return to the normal state having a finite resistance, it is reasonable to assume that these drops are superconducting transitions with different Tc and different critical magnetic fields (Hc) although the resistivity does not reach zero at the lowest temperature 0.85 K we can reach.
Here, we first focus on the resistance drop around 7 K. We define Tc as the temperature at which Rsheet becomes 90 % of the normal resistance [27] . From the thermodynamics, the relationship between Hc and temperature obeys the Tuyn's law [28] :
where Hc(0) is Hc at zero temperature. The relation between Hc and the temperature was depicted in Fig. 5(c) . As the result of fitting by Eq. (2), the intercept of the temperature axis was estimated to be 7.1 K, and this is almost the same as the Tc in the bulk Pb (7.2 K) [28] . This means that the resistance-drop around 7 K is due to the large Pb(111) islands formed on the SIC phase as shown in Fig. 2 (c). Figure 5(d) shows the temperature dependence of Rsheet at 2.5, 3.3, 3.9, and 6.5 ML, respectively, without magnetic field applied. As the deposition amount increases, Rsheet in the normal state becomes lower. This is reasonable because the areal fraction occupied by the Pb(111) islands on the surface increases. Since, however, the size, height, and number density of the Pb(111) islands are not controllable, the decrease of the normal-state resistance is not simply proportional to the deposition amount. The important thing here is that the temperature dependences of Rsheet look very similar to each other for all samples with different coverages, i.e., there are two drops at 7 K and below 3 K. As mentioned above, the Rsheet drop around 7 K is caused by the superconducting transition at the bulk-like Pb(111) islands. On the other hands, for the drop below 3 K, Rsheet gradually decreases above ~2 K, and steeply decreases below ~2 K with decreasing temperature. This behavior is common for 2D superconductors due to the large superconducting fluctuation [1] . By using the theoretical fitting to the Aslamazov-Larkin-Maki-Thompson correction including the effect of the 2D superconducting fluctuation as below [29] , Tc is given for each sample:
where 0 is the normal-state conductivity, is the Aslamazov-Larkin term, is the Maki-Thompson term, and is the pair-breaking parameter. The solid (black) curves in Figs. 5(a) and (d) are the fitted ones which agree well with the experimental data. Moreover, we found that the Tc estimated by fitting to Eq. (3) is almost the same value (~0.79 K) for all the samples.
Finally, let us discuss the origin of the superconducting transition with Tc=0.79 K. In the previous STS study of the Ge(111)-β√3×√3-Pb surface with large Pb(111) islands on it, no superconducting gap is observed down to 0.5 K on the β√3×√3-Pb terraces [17] . They also found that the Cooper-pair wavefunction spills out from the superconducting Pb(111) islands onto the β√3×√3-Pb terrace with the maximum penetration length of ~80 nm at 0.5 K [17] . As mentioned in Fig. 2(c) , on the other hand, the mean distance among the large Pb(111) islands observed by our STM measurement is over ~180 nm. Then, the Cooper pairs spilling from Pb(111) islands cannot overlap each other on our sample even if the Pb(111) islands become superconducting. Since, therefore, the superconducting area are not connected each other on the surface, this results in finite values of Rsheet even below 7 K.
Therefore, the superconducting transition with Tc=0.79 K cannot explained just by considering the superconducting transition of the large Pb(111) islands; it is suggested that the transition relates to the existence of the small Pb clusters observed on the terraces between the Pb(111) islands (Figs. 2(c) and (d) ). When the temperature decreases below 3 K, the small Pb clusters on Ge(111)-SIC-Pb phase become superconducting. Generally, the Tc of smaller islands is lower than that of the bulk owing to the confinement effect [28] , and thus we should consider it as a nanometersize superconductor with Tc lower than that of the bulk Pb. For different amounts of Pb deposition, our STM results shows that the density of the Pb clusters on the Ge(111)-SIC-Pb phase does not change much although the size and height of the large Pb(111) islands increases with the deposition amount of Pb. This is considered as the Stranski-Krastanov growth mode, which is different from the Frank-van der Merwe growth mode of Pb on Ge(111) for the low temperature deposition of Pb [30] . The small Pb clusters are all separated from each other and the mean distance among them is ~6 nm as shown in Fig. 2(d) . Hence, it can be assumed that the origin of the superconducting transition at Tc = 0.79 K is as follows: when the temperature decreases below 3 K, the Pb clusters become superconducting so that the surface resistance decreases. At the same time, the Cooper pairs spill out and penetrate into the Ge(111)-SIC-Pb phase. When the temperature decreases low enough, the penetration length of the Cooper pairs increases and finally around 0.79 K, the penetration areas connect with each other and the whole surface becomes superconducting. Since as mentioned early, the number density of the Pb clusters on the SIC phase does not change much with increasing the Pb deposition amount, the Tc has a constant value of 0.79 K irrespective of the Pb amount. To prove this conjecture of the proximity-induced superconductivity in the non-superconducting SIC phase, the observation of the STS spectra on the Pb clusters and on the terraces nearby is required for the future work.
Summary
We studied the transport properties of Pb on Ge(111) substrate with different deposition amounts, and analyzed the data with the aid of STM and ARPES results. The different transport behaviors were observed depending on the deposition amounts of Pb. With 1.33 ML deposition, which is just for formation of the striped incommensurate (SIC) phase, it is found that the sheet resistance Rsheet increases with decreasing the temperature below 2 K, without sign of superconductivity down to 0.85 K. This is due to weak anti-localization (WAL) effect, as verified by the magnetoresistance measurements combined with fitting to the Hikami-Larkin-Nagaoka equation. With over 1.33 ML deposition of Pb, the Pb(111) islands and clusters form sparsely on the SIC-Pb surface phase. In these systems, two resistance drops were observed ; one was a sudden drop around 7 K because of the superconducting transition of the large Pb(111) islands, and the other was a gradual drop below 3 K, due to the proximity-induced superconducting transition of the SIC phase with Tc = 0.79 K, originating from the small Pb clusters. The gradual decrease in Rsheet below 3K was well fitted by the 2D superconducting formula including large superconducting fluctuation. The interesting finding here is that the SIC phase is not superconducting by itself, but the phase wholly becomes superconducting with help of superconducting Pb clusters on it. 
